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Abstract 

A semigroup generated by two dimensional C 1+a contracting maps 
is considered. We call a such semigroup regular if the maximum K of 
the conformal dilatations of generators, the maximum I of the norms 
of the derivatives of generators and the smoothness a of the generators 
satisfy a compatibility condition K < 1/P. We prove that the shape of 
the image of the core of a ball under any element of a regular semigroup 
is good (bounded geometric distortion like the Koebe 1/4- lemma [[!]]). 
And we use it to show a lower and a upper bounds of the Hausdorff 
dimension of the limit set of a regular semigroup. We also consider a 
semigroup generated by higher dimensional maps. 
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§0 Introduction. 

It is a well-known result [JTTJ, [H| that the Hausdorff dimension of 
the Julia set of a complex quadratic polynomial p(z) = z 2 + c is greater 
than one for a complex number c with small |c| 7^ (see 0] for a 
similar result in quasifuchsian groups). Now consider a non-conformal 
complex map f(z) = z 2 + bz + c where b and c are complex parameters 
(or f(z) = z n \z\ ( -' y ~ n * > + c where 7 > is a real parameter, c is a 
complex parameter and n > is a fixed integer). Let A = (b, c) (or 
A = (7 — n, c) and |A| = |6| + \c\ (or |A| = (7 — n\ + |c|). The map 
fo(z) = z 2 (or fo(z) = z n ) is analytic and expanding on a neighborhood 
U ofS' 1 = {,2GC;|2:| = l} which is the maximal invariant set of fo in 



U. By the structural stability theorem ||12|| , for |A| small, there is a set 
J\ such that it is the maximal invariant set of / and f\J\ is conjugate 
to y 1 -S* 1 , that is, there is a homeomorphism h from a neighborhood of 
S 1 onto a neighborhood of J\ such that f oh = ho f . Thus the set J\ 
is a Jordan curve. It is easy to see that J\ is the boundary of the basin 
Boo = {z G C; \f ok (z)\ 1— > 00 as 1— >■ +00} for |A| small (see Fig. 1 and 
Fig. 2). We may call J A the Julia set of / (ref. 0]). 

Question 1. Is the Hausdorff dimension of the Julia set J\ of f{z) 
greater than 1 for some small \b\ 7^ and small \c\ (or small \c\ 7^ 
and small I7 — n\ 7^ 0) ? 

We will prove some general results (Theorem 1 and Theorem 2) in 
§1, §2 and §3, which can be used to give the answer (Corollary 3) to this 
question. We note that the general results themselves are interesting 
and have other applications |J. 

Acknowledgement. I would like to thank Professor Dennis Sulli- 
van for very useful discussions and remarks. The conjecture in Remark 
3 is formulated when the author visited the Mathematics Institute at 
University of Warwick. I would like to thank Professor David Rand for 
useful conversations. 
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A = (0.2, 0) A = (0.2i, 0) A = (-0.2, 0) A = (-0.2i, 0) 




A = (0.1, 0.2 + O.li) A = (O.li, 0.2 + O.lz) A = (-0.1, 0.2+0. li) A = (— O.li, 0.2+0.1i) 

Fig. 1: Preimages of a circle with large radius under 
iterates of f(z) = z 2 + bz + c and A = (6, c). 




A = (0.5, 0.1 + 0.2i) A = (0.1, 0.1 + 0.2i) A = (-0.2, 0.1+0.2?) A = (-0.5, 0.1+0.2?) 

Fig. 2: Preimages of a circle with large radius under 
iterates of f(z) = z 2 \z\ 1 ~ 2 + c and A = (7 — 2, c). 



3 



§1 Statements of main results. 

Suppose V and U are two bounded and open sets of the complex 
plane C with V dU and / is a C 1 -map from U into C. The restriction 
f\V is said to be C 1+a for some < a < 1 if 

f(w) = f(z) + (D(f)(z))(w -z) + R{w,z) 



satisfies \R(w,z)\ < L \w 



\l+a 



for z G V and w G U where L > 



is a constant and D(f)(z) is the derivative of / at z. For a C 1+a 
diffeomorphism / from V onto W, we use g to denote its inverse. The 
map g is said to be contracting if there is a constant < A < 1 such 
that \D(g)(z)](v) < X\v\ for all z in W and all v in C. Suppose Vi and 
Ui, % — 0, 1, . . . , n— 1, are pairs of bounded open sets of C with V* C C/j 
and fi are maps from Ui into C such that the restriction fi\Vi from 
onto Wi are C 1+Q diffeomorphisms for some < a < 1 and the inverses 
9i of /i|Vi are contracting. To simplify the notations, we assume that 
W = Wi for all % and U^Vi C W. We will use Q = (g , g h . . ., g- n _i) to 
denote the semigroup generated by all and use A = n ff egfp(W)^ to 
denote the limit set of Q, which is compact, completely invariant (the 
existence of A can be proven by using Hausdorff distance on subsets). 

Suppose z = x + yi is a point in C and z = x — yi is the conjugate 
of z. By the complex analysis [I], we know that for z G W and w6C 
with liwl = 1, 



\{9i)z\ ~ \ (9i) 



< 



Let 



D(g t )(z))(w) < \( gi ) z \ + \(gi 
\(9i)z\ - \ {gi)z\ 



Si(Z 



h(z) = \(gi) z \ + \ (g,i)-\ 

and Ki(z) = li(z)/si(z), the conformal dilatation of gi at z. Let / = 
ma,x{li(z)} < 1, s — min{sj(z)} > and K = max{Kj(z)} < +oo 
where max and min are over all z in W and all < i < n. 
Definition 1. We say Q is regular if K < l/l a . 
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Denote by B(z,r) the closed disk of radius r centered at z. One of 
the main results, which generalizes the Koebe 1/4-lemma |4| in some 
sense, is the following: 

Theorem 1 (geometric distortion). Suppose Q = (go, g\, . . ., g n -i) 
is regular. There are two functions 5 = 5(e) > and C — C(e) > 1 
with 5(e) I— > and C(e) \— > 1 as e i— > 0+ swcn £na£ 

a(i%r)) D^ + C- 1 -^)^))^^)) and 

a(i% r)) C g(z) + C ■ (D(g){z)) (B(0, r)) 
for any < r < 5(e), any g a G and any z & W (see Fig. 3). 

Let — g(z), (^D(g)(z)^j(w — z)^j be the smallest angle between 

the vectors g(w) — g(z) and [p(g)(z)^j(w — z). 

Corollary 1 (angle distortion). Moreover, there is a function D(e) > 
with D(e) i— > as e i— > 0+ sncn iaai 

log (Z(^) - tf(z), (£>(<?) (*)) (™ - ^)) 

/or < r < 5(e), g E G , z E W and w G -B(z, r). 



<£(£) 




g(z)+C-(D(g)(z))(B(0,r)) 



9(B(z,r)) 



g(z) + C (D(g)(z)) (B(0,r)) 



Fig. 3 

A regular semigroup Q = (go, . . ., g n -i) is said to be Markov for 
a real number 5o > if there are simple connected, pairwise disjoint 
open sets ffo, • • •, Q q -i such that 
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(a) maxo<K g -i diam(Qi) < S , 

(b) U^Jflj D A, and 

(c) fi(i\ n A) = (u^H") HA for every < / < g and C V* where 
fx = 9i l - 

Without loss of generality, we may assume q — n and gi = if 
Q is Markov. 

Suppose Q = (g , . . ., g n -\) is a regular and Markov semigroup. 
Let A = (ciij) be the n x n matrix of and 1 such that = 1 if 
fi(fli fl A) D Qj fl A and ay = otherwise. A sequence w p = ioh ■ ■ ■ i p -i 
of symbols {0, 1, . . ., n — 1} is said to be admissible if a ilil+1 = 1 for 
I — 0, 1, . . ., p — 1 (p may be oo). Let S p be the space of all admissible 
sequences w p of length p, a(ioii • ■ •) = i\ ■ ■ ■ be the shift map on Soo 
and vr(z «i ■ • •) = ^^o9ik(W) be the projection from to A [H, [TT[] 
(note that 7r is the semi-conjugacy). We call the functions 

<t>u P (w) = log (li o 7r(w)) and /o (w) = log ^ o vr(w)), 

for w — - • - G Sqo, the upper and lower potential functions of Q. 
They are Hdlder §. 

Let P be the pressure function (see, for example, 0, [Tl[) defined on 
C , the space of Holder continuous functions on Sqo. Then 

P ^)=J^ lo s( £ e X p(X>KH))). 

For = up or 0; o , P(t(j)) is continuous, strictly monotone and convex 
function on the real line and tends to — oo and +oo as t goes to +oo 
and — oo. There is a unique t up > (ti D > 0) such that P(t up (f) U p) = 
(P(t lo (f> lo ) = 0) 1,0. 

Theorem 2. Suppose Q = (go, . . ., g n -i) is a regular and Markov 
semigroup and HD(A) is the Hausdorff dimension of the limit set A of 
g. Then t lo < HD(A) < t up . 
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Suppose Q\ = ((?o,a, • • •, 9n-l,\) is a family of regular and Markov 
semigroups such that every gi,\(z) is C 1 on both variables A and z. Let 
HD(X) be the Hausdorff dimension of the limit set of Q\. 

Corollary 2. If all g it \ are conformal (K\ Q = 1), then HD(X) is 
continuous at X . 

Corollary 3. Suppose f(z) = z 2 + bz + c (or f(z)= z n \z\^~ n ^ + c) 
and X = (b, c) (or X = (7 — n, c)). For each c with small |c| 7^ ; there 
is a t(c) > such that for every \b\ < r(c) ( or I7 — n| < t(c)), the 
Hausdorff dimension HD(X) of the Julia set J\ of f is bigger than one 
(see Fig. 4 in $4)- 

Remark 1. Biefeleld, Sutherland, Tangerman and Veerman || 
showed recently that for f(z) = z 2 \z\^~ 2S) + c and a small 7 — 2 > 0, 
there is an 77(7) > such that the Julia set J\ of f(z) for |c| < 77(7) is 
a smooth circle (see Fig. 4 in §4). 

§2 Proof of Theorem 1. 

By the compactness of W, there is a function 5 = 5(e) > with 
5(e) h> as e h> 0+ such that every ^ is defined on B(z, 5) for z in W 
and gi(w) = gi(z) + (D(g i )(zfj(w — z) + Ri(w, z) satisfies that 

\Ri(w,z)\ < (e/2) ■ ( ml\\D( gi )(z)\\) ■ \w - z\ 

for z and w in W with \w — z\ < 5 and < i < n. This implies that 
for z in W and < r < 5, 

gi(B(z,r)) Dg l (z) + (l + e)- 1 -(D(g t )(z))(B(0 1 r)) and 

gi (B(z,r)) C g t (z) + (1 + e) ■ (D( gi )(z))(B(0,r)) (*). 

Suppose L > and < (3 < a are constants such that \Ri(w, z)\ < 
L \w — z\ 1+a and K { (z) < (l/li(z)^j for < i < n, z and w in W. Let 
« m = YJlLvl {a ~ P)i - We take 5 = 5(e) < 1 so small that 

6 £ = (Lq/s) (l + e + Koo ) 1+a 5 {a - p) < 1 
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and then take 

C m (e) = l + e + 5 15 -K m . 

It is clear that C m (e) h- > 1 as £ i— > 0+. 

Claim. For g = g io o g h o ■ ■ ■ o g im in (/, 

g(B(z,r))Dg(z) + C m 1 -(D(g)(z))(B(0,r)) and 

g(B(z,rj) Cg(z)+C m -(D(g)(zj)(B(0,rj). 

Proof of claim. For m — 0, it is the formulae in (*). Suppose 
the claim holds for m — 0, 1, . . ., M — 1 (M > 1). Then for g = 
9i o 9h o ---° 9i„ = 9i o C, 

</(fl(*,r)) Dfl«(G( 2 )+C^ 1 -(i)(G)( Z ))(B(0 1 r))) and 

g(B(z,r)) C fto (G(z) + C M -i • (D(G)(z))(B(0,r))). 
For any w in B(0, r), we know that 

g i0 (G(z) + a M _ x ■ (D(G)(z))(w)) = g{z) + V M _ X ■ (D(g)(z))(w) + R 
where R = R io (C 1 M _ 1 ■ (D(G)(zf)(w), and j — 1 or —1, and 

< L C^ 1 \\D(G)(z)\\ 1+a \w\ 1+a . 
But for z = z and ^ = g M _ t o • • • o £ iM (z), i = 1, 2, . . ., M, 
\\D(G){z)\\= n II^(<kJ(*m-*)II < II 

l<fc<M l<fc<M 

Hence, by K^z) < (l/l^z)) for all i, we have that 



\\D(G)(z)\\ 1+ " < ( n ^(^M- fc ))/ (a 

l<fc<M 

Let 5 M = (L /s)C , l / /_ a i r/( a - /3 ) M , then 

|-R|<-B M ( Yl s ik (z M -k))\w\. 



0<k<M 



Since B M < Q £ ^l {a ~ m < 5^ a ~^ M , we get that C M -i + B M < 
Cm- Now we can conclude from the estimates that g(w) — g(z) is 
in Cm • (p(9)( z f)^B(0,rf) and if \w\ = r, g(w) — g(z) is outside of 
C M X ■ (D(g)(zf)(^B(0,rf\. The proof of the claim is completed. 

Take C = Coo(e). Then 5 and C are the functions we want. This 
completes the proof of Theorem 1. 

The proof of Corollary 1 is similar. 

§3 Proof of Theorem 2. 

According to Theorem 1, each g Wp {W) contains a translation of the 
ellipse C~ l ■ {D{g Wp ){zf) [B(0, 1)) and is contained in a translation of 
the ellipse C- (D{g Wp ){zf) (b(0, if) where C is independent of w p and 
Z. For every w p = z zi • • -i p -i in E p , let g Wp = g io o g h o ■ ■ ■ o g ip % . 
Since all g^ are contracting, there is a constant < Ao < 1 such that 
d%am{g Wp {yvf) < Aq for all w p G S p . Thus {g Wp (W);w p G S p } is a 
cover of A for every p and r p = ma.x{diam(g Wp (W)); w p G S p } tends to 
zero as p tends to oo. Use Theorem 1 again, the Hausdorff dimension 
of A is a unique number i > satisfying 

lim ^2 {diam(g Wp {wf)) = oo for t < t and 

fe, 5- (*ffl"i(fl» P W))' = /or i>t . 

Let iu, p (^) and s^z) be the lengths of longest and shortest axes of 
the ellipse (D(g Wp f) [B(0, if). Then we have that 

C' 1 ■ s Wp (z) < diam{g Wp (Wf) < C ■ l Wp {z). 

One of the crucial points is that 

L p (z) < l io (zp-i) ■ ■■h p (z ) and s Wp (z) > s io (2 p _i) ■ ■ ■ s ip (z ) 

where Zk = g% p ^ k o ■ ■ ■ o g^^z). Because of these two inequalities, we 
can conclude our proof by Gibbs theory (see, for example, P, [II], HM ) 
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as follows: for any t > 0, 

{diam[g Wp (W)Y) < Ci • exp ( ^ t<f) up (w k )^ and 

k=0 

t P_1 

(dmm(^ p (W))) > Cf 1 • exp ( ]T t<U«; fc )) 

fc=0 

where 7r(w k ) = and Ci is a constant. Suppose Ht up 4> up an d ^ti <f> l0 
are the Gibbs measures of t up 4> up and t; o 0io on (E^er). Because 
P(t U p4>u P ) = and P(ti 4>i ) = 0, there is a constant d > such that 

p-i 

^ up up ( A «»p) e [cT\ d] exp ( ^ t up up (cT ofc (wo))) and 

p-i 

(A^) G [d- 1 ,d]exp(^t^ o (a ofe ( W0 ))) 

fe=0 

where w G A Wp = {w G £; u> = w p ■ ■ •}. Hence there is a constant 
C 2 > such that 

(diam{g Wp (W))) tup < C 2 ■ Vt up ^ up (K p ) and 
(diam(g Wp (W))) tl ° > C^ 1 ■ fi tlo4>lo (A Wp ) . 

Moreover, 

(A Wp ) = C 2 and 

E W))* io > C^ 1 • £ fJ>ti <t>i (A- Wp ) — C2 1 . 

This implies that < HD(A) < t up . The proof is completed. 

Proof of Corollary 2. For = 0/ OjA (or (/> U p,\), the inverse of P(t0) 
is continuous on P and A. This implies that ti 0j \ (or t uPi A) tends to ti Ot \ 
(or t U p,A ) as A goes to A . But, U oM = t upM = HD(X Q ) because all 
gi t x are conformal. This completes the proof. 
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Proof of Corollary 3. Let A = (b, c) (or A = (7 — n, c)) and 

1^1 = 1^1 + l c l ( or 1^1 = |7 ~~ n \ + l c D- There is a neighborhood W of 
S 1 = {z G C; \z\ = 1} so that / is expanding on W for small |A|. Let 
9o,\, • • •) 9n-i,\ be the inverse branches of f\W. Then Q\, the semigroup 
generated by go,\, ■ ■ ., g n -i,x, is regular and Markov for A with small 
|A|. Now the proof follows from Corollary 2 because for each A = (0, c) 
with small |c| 7^ 0, all are conformal and the Hausdorff dimension 
HD(X) of J\ is greater than one. 

§4 Higher dimensional regular semigroups and some remarks. 

Suppose E m is the m-dimensional Euclidean space, Vi C Ui, i — 0, 
. . ., n — 1, are pairs of open sets of E m with Vi G Ui and /j from Vi 
onto H^j are C l+a diffeomorphisms such that the inverses gi of fi\Vi are 
contracting. Let Q m = {go, gi, • • •, g n -i) be the semigroup generated 
by all gi. Then / and K for C7 m can be defined similarly. Again Q m is 
said to be regular if K < 1/7". Let B(x,r) be the closed ball of radius 
r centered at x of E m . The higher dimensional version of Theorem 1 
is the following: 

Theorem 3 (geometric distortion). Suppose Q m = (go, g\, . . ., 
g n -i) is regular. There are two functions 5 = 5(e) > and C = 
C(e) > 1 with 5(e) 1— > and C(e) 1 — >• 1 as e 1— > 0+ sttc/i t/iat 

</(S(rc,r)) Dg(x)+C- 1 -(D(g)(x))(B(0 1 r)) and 

g(B(x,r)) cg(x)+C-(p(g)(x))(B(p,rj) 

for any < r < 5(e), any g G Q m and any x G W. 

Remark 2. Similarly, we have the higher dimensional versions of 
Corollary 1 and Theorem 2. We learned recently that Gu showed 
another upper bound (in higher dimensional case) which is similar to 
that in Theorem 2. 

Remark 3. Suppose f\(z) = z 2 \z\ !y ' y ~ 2 ^ + c where A = (7 — 2,c). 
From Corollary 3 and Remark 1, there is an interesting picture on 
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the parameter space A (three dimensional space) near the point (0,0): 
there are small sectors T\ and T 2 (see Fig. 4) such that for A in T 1; J x 
is a smooth circle and for A in T 2 , J\ is a fractal circle with Hausdorff 
dimension > 1. From computer pictures of J\ for small |A|, we conjec- 
ture that there is a topological surface S passing (0, 0) in a small ball 
centered at (0, 0) such that in the right hand side of S, J\ is a smooth 
circle and in the left hand side of S (but not on the (7 — 2)-axis), J\ 
is a fractal circle with Hausdorff dimension > 1 (see Fig. 5). We may 
call S the boundary of fractalness. If S exists, what can be said about 
its shape ? 



Boundary of fractalness 




r-2 




r-2 



Proven picture 

Fig. 4 



Conjectured picture 

Fig. 5 



Remark 4. Sullivan |14j] has considered quasiconformal deforma- 
tions of analytic and expanding systems and Gibbs measures. More- 
over, he also studied (uniform) quasiconformality in geodesic flows of 
negatively curved manifolds. One wonders if Theorem 1 can be used 
to extend some results |14| to non-conformal expanding systems (or 
hyperbolic systems) with the compatibility condition K < 1/P and to 
geodesic flows of negatively curved manifolds with pinched condition. 
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